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1. INTRODUCTION 
Let (Pl ,---, pk) be a partition of n where we assume p1 < p2 < ... < pK . 
In many combinatorial problems it is of interest, for moderate II, to be 
able to list these partitions explicitly and to know the number of k parti- 
tions of n, where the pi (i = l,..., k) satisfy certain additional restrictions. 
For example, if 
k 
n= 0 2 and f: pi > (9 i=l 
forj = l,..., k - 1, we obtain all the different score structures in a round- 
robin tournament [4, p. 1001. We consider in this paper an algorithm 
which lists, and a fortiori counts, under very general restrictions all such 
partitions. 
After a precise statement of the nature of our problem, we describe in 
Section 3 the algorithm for generating partitions. Section 4 discusses the 
algorithm for tournament scores and gives a brief resume of results on 
tournament scores which follow directly from this method. We conclude 
with two short tables illustrating the type of numerical results that can be 
easily obtained with a computer using our method. 
2. STATEMENT OF PROBLEM 
Two distinct and yet closely related problems motivated this investiga- 
tion. First, let n > 0 be a positive integer and consider 
pl+pz...-, (P,!d,! J 
(1) 
where one of the conditions A, B, or C, is placed on the positive integers pi . 
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A. All pi 3 2. 
B. There is at most one pi which is odd and all pi 3 2. 
C, . For q a positive integer, there is at most one pi satisfying pi = 1 
(mod q) and all pi 3 2. 
The sum (1) subject to one of the conditions A, B, or C, occurs naturally 
in [3]. It is of interest to evaluate the sum (1) for values of n which are not 
too small, i.e., n > 15. Computation of (I) is clearly a “computer task,” so 
the question is: “Can one give an algorithm suited for adaptation to the 
computer which will generate the partitions (pl , pz ,...) subject to one of 
the restrictions A, B and C, ?” Once the partitions are given, it is not 
difficult to compute the summands in (l), and again,ifp,+p, +.*-+pk = n, 
so that (pl ,..., pk) is a k-partition of n, then we can assume that 
Pl 1 Pz i < <...<pr (2) 
and multiply by the appropriate factor to get the permutations when 
actually computing (1). 
The second problem is that of generating all different round-robin 
tournament scores for n players. Landau [cf. 41 first proved that a n-vector 
(6 ,..., a,) satisfying a, < a2 < .** < a,, is the score vector of some 
tournament on n players if and only if 
i ai > it) fork = l,..., n, 
i=l 
with equality holding when k = n. Such score vectors are also important 
in statistics (the theory of paired comparisons) and we refer to two recent 
books for further details [2,4]. To generate all tournament scores for mod- 
erate n, one wants an algorithm which will be adaptable to the computer. 
In this paper we give algorithms which in fact generate the k-partitions 
of n or tournament scores in anti-lexicographic order in what seems to us 
a quite efficient method. The algorithm devised by Narayana and Sarangi 
appears quite versatile in that only simple modifications need be made in 
the algorithm to generate k:partitions of n satisfying the more general 
restrictions pi 3 c and zi=, pi >, cj (j = l,..., k), where c and 
Cl < c.2 < **. < ck are suitable constants. 
3. THE ALGORITHM FOR PARTITIONS 
We consider first the algorithm for all k-partitions of n, satisfying A and 
(2). The modifications to be made for other problems with k-partitions are 
briefly considered at the end of the section. From the remarks made in the 
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previous section to compute the summands in (l), it suffices to consider 
for each k, (1 < k < [n/2]), the sum (1). Thus for n, k positive integers, 
2 < k < [n/2], we describe the algorithm for partitions under restriction 
A as a sequence of steps PI , Pz ,... . 
P 1. Let n = qk + r, 0 < r < k and take for C = (a, ,..., aK), the 
first k-partition of n, C = (q ,..., q, q + I,..., q + I), where there 
are k - r q’s and r (q + 1)‘s. 
P 2’ In C let j be the smallest integer such that aj > 2. If no such j 
exists or j = k we are finished, in that we have generated all 
partitions. 
P 3. Pick the smallest i > j with the property that ai < u~+~; if no 
such i exists put i = k. Define 
az ‘= 
a, for 1 > i, 
al-t 1 for I = i. 
P 4' With n replaced by n - & a,’ and k replaced by (i - 1) go back 
to PI and generate (a,‘, a2’ ,..., a;,). 
P 5 . Take the new k-partition of IZ as C = (a,‘,..., Us’) and repeat Pz 
and if necessary P, , P, , P, to generate another new k-partition 
of n. 
The cycle stops with ai = 2 for i = 1 ,..., k - 1 automatically, as can be 
seen from Pz . 
It is easy to see that the algorithm generates all k-partitions A(n; k) of n 
subject to A and (2) as follows: 
Let us order the set A(n; k) by < according to 
if aj < bj for some j < k and either j = k or ai = bc for i = j + l,..., k. 
The anti-lexicographic order < is clearly a linear order on A(n, k). The 
partition C of A(n, k) initially generated in PI is surely the least element of 
A(n, k). The partition (al’ ,..., a,‘) generated from C using the algorithm 
is the partition in A(n, k) immediately following C in the order <. A(n, k) 
is finite, so all of A(n, k) is generated without repetition by the algorithm. 
Next consider the two possibilities for a k partition (pr , pz ,..., pk) 
which satisfies B, namely, 
B 1. All of p1 , pz ,..., plc are even. 
B 2’ Exactly one pi is odd, with all pi 2 2. 
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Let B,(n; k) be the set of all k-partitions of N which satisfy B, . Suppose 
that pi = 2qi , i = 1, 2 ,..., k, with p1 + p2 + *.* + pk = n. Then 
41 + q2 + 1.. + qk = n/2 (n is surely even) and conversely, so the 
mapping 
(41 , 92 >..*, 4k) - (PI 3 P2 Y>Pk) = @q, 3 &I2 3***3 %k) 
is a one-to-one mapping of the set A’(n/2; k) of k-partitions of n/2 satis- 
fying 
A’. qi 2 1 for i = 1, 2 ,..., k, 
onto the set B,(n; k). If the corresponding modification (q > 1 instead of 
aj > 2) is made in P2, the algorithm may be used to generate A’(n/2, k). 
Hence B,(rz; k) is easily generated also. 
Now let B,(n; k) be the set of all k-partitions of n satisfying B, . For 
each partition (pl , p2 ,..., pk) E B,(n; k), exactly one of the components, 
say pi , is odd, so 
(PI ,..', Pi-1 ,Pi - l,Pi+l >...y Pk) E &(a - 1; k)- 
For P = (pl , p2 ,..., pk) E B,(n - 1; k), let 
J={k)U{j:Pj <Pj+d 
and order the elements of J, say j, < j2 < ..* < j, = k where 0 < m < k. 
Then corresponding to P there are partitions Q, , Q, ,..., Qn E B,(n; k) 
which are obtained as follows: 
where 
QL = (qt), d),..., q!)), 
qjz) = I 
;;,+, ;: ; 2;; ’ 
In this fashion all of B,(n; k) is generated from B,(n - 1; k) and each 
partition in B,(n; k) is generated only once. 
The optimal method for generating the partitions subject to condition 
C, is simply to put another step in the algorithm which would check the 
partitions immediately after they are generated and delete those not 
satisfying C, . Programs in APL have been prepared by Mathsen and 
Narayana for partitions satisfying the conditions A, B, C,; these programs 
are versatile enough to handle many similar problems. 
4. THE ALGORITHM FOR TOURNAMENT SCORES 
We turn now to the problem of listing tournament scores for which a 
very similar algorithm can be defined. For the enumeration of tournament 
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scores as defined by (3) it is convenient to use a more efficient method 
developed by Narayana and Bent [I]. Examples of tournament scores, 
actually listed according to this algorithm, are given in Bent [l]. 
The algorithm for generating the different score vectors in a round- 
robin tournament of n players is defined by the steps Tl , T, ,... : 
T 1’ Let (:) = nq + r where 0 < I < n. Then, take for the first 
tournament score (a, ,..., a,) the vector S = (q ,..., q, q + l,..., 
q + 1) where there are r (q + 1)‘s and (n - r) q’s in the vector. 
T 2' Pick ai in the score S so thatj is the smallest index with the prop- 
erty that 
i Ui > (i). 
i=l 
If no such j exists or j = n, we have finished in that we have 
generated all tournament scores. 
T3. Identical with P, . 
T ,, . With (g) replaced by 
and n replaced by i - 1 go to Tl and generate (a,‘,..., a:-&. 
T 5 . Taking S = (a,‘,..., a,‘) as the new score vector repeat T, on 
S and if necessary Ta , T4, T5 to yield the next score vector. 
The cycle stops automatically, as seen from T, , when ai = i - 1 for 
i = l,..., n. The ordering induced on the score vectors S,, by the algorithm 
is the anti-lexicographic ordering described in the previous section. A little 
reflection shows that the same algorithm with obvious changes can be 
used to generate various subsets of tournament scores as well. For 
instance, using an obvious notation, let [.a. 1 n - 11% denote the set of 
tournament scores on n players in which the last term is (n - 1). Replacing 
the second sentence of Tz by, “if no such j exists or j = n - 1 we are 
finished,” and with very obvious changes in Tl , T3, T4, we see that the 
same algorithm generates all vectors in [..* j n - lln . Indeed the same 
algorithm is easily adapted for generating all vectors in [k ] a.1 / n - IIn 
where k = 0, I,..., [n/2] - 1; or even more general subsets of tournament 
scores, e.g., [a1 , a2 1 ... 1 anIn with suitable values for a, , a2 , a, . 
It is noteworthy that a very short proof of Landau’s theorem (cf. 
equation 3) can be given using this algorithm. Let L, denote the set of 
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n-vectors S, generated by the algorithm, but written in the reverse order 
of the linear order described. Let 
s = {L, ) L, )...) L ,, ,... } = (01; 012, 111; 0123 ,... } 
be an enumeration of these vectors. To prove the only 
if part of Landau’s theorem, i.e., the non-trivial part of equation (3), we 
proceed by contradiction and consider the first vector V in the sequence S 
which is not a score vector of a tournament. If V has n elements and its 
last element z’, = (n - l), suppression of v, implies that there is a vector 
preceding V in S which is not a tournament vector-a contradiction. 
Likewise, if v, < (n - I), let k < n be the first integer such that 
now the vector (vl ,..., c~-~ , Do - , Q+~ ,..., v, + 1) which (noting the 1 
lexicographic ordering of each L,!) precedes V in S is not a tournament 
vector. This completes our proof and it is easily seen that this method of 
proof could be used in more general cases. 
We conclude this section with a simple result on numbers of score- 
vectors of tournaments. We denote the number of score-vectors with n 
players by t,; and we indicate the number of score-vectors in any specified 
set by preceding the vector describing the set with the symbol #. For 
example #[I I ..*I4 = 2 since with four players there are only two tour- 
nament scores, namely, (I, I, I, 3), (I, I, 2,2) beginning with 1. We shall 
prove that 
#CO I ... 12~71 - llznL < #IO I ... l2m - 21zm (4) 
in a tournament of 2tn players. As will be seen from the proof, (4) can be 
easily extended by analogous arguments to cover 
#[k / ... j 2m - llznz < #[k 1 *a* 1 2m - 212, (5) 
for all k = 0, I,..., m - 1. Since a result similar to (5) holds also for an 
odd number of players, we see, summing (5) over all k that 
#[a** I n - 21, 2 #[-.a 1 n - 11%. 
Such inequalities appear to be a first step in establishing the unproved 
conjecture 
tn2 G hL+1L1 (n 3 3). (6) 
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For a summary of recent work on (6) see [4]. To prove (4), we note that 
in any tournament score (0, a2 ,..., azmel, 2m - 1) we have a2 < ... < 
aznpI and a2 + ... + a2,n-1 = 2m2 - 3m + 1 from (3). Thus the possible 
values for azm-r are m, m + I,..., 2m - 2, i.e., using 2 to represent 
disjoint unions, 
2m-2 
[0(***[2m-l],,= c [O~~~~[k,2m-l],,. 
Similarly 
[0 1 - 1 2m - 2,2m 
Thus 
[0 1 -*- 1 2m - llzm 
- 
= 
2?P-3 
112-&= C [OI...Ij,2m-2,2m-l],,. 
j=TT-1 
2m-3 
: ksm [OI~*~Ik,2m-l12, 
2m-3 
+ c PI +*./j,2m-2,2m- llzm. 
j=nZ-1 
Let us now set up for all k < 2m - 3 the following mapping: 
[0 / ... I k, 2m - llznz -+ [0 1 *** I k + 1, 2m - 2]2na, (7) 
where all elements in every score vector on the left are unchanged except 
those indicated. 
Similarly for j = 2m - 3 and j < 2m - 3 we consider the mappings 
[0~~~~~2m-3,2m-2,2m-1],,~[0j~~~~2m-2,2m-2,2m-2],,, 
P I --- I aj+l ,..., a2m-3 ,j, 2m - 2, 2m - llzm 63) 
+ [0 / **a / a,+l + I,..., a2m-3 + l,j + l,j + 1,2m - 212,, 
where all elements on the left, except those indicated, are unchanged. 
The images on the right of equations (7) and (8) are obviously disjoint and 
areofthetype[O/...I2m-2],,. Hence there are more tournaments 
scores of type [0 I ... I2m - 212, than of type [0 / +.. I 2m - llzrn , 
proving (4). 
We conclude with two short tables illustrating the computations. 
Table 1 evaluates the sum (1) for IZ = 5, lo,..., 30 under restriction A and 
Table 2 gives in matrix form the numbers of tournament scores with 9 
players with a, = i, a, = j, i.e., #[i I A.* 1 j], for appropriate i, j. 
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TABLE 1 
Values of Sum (1) under Condition A 
n Sum (1) 
5 0.175 
10 0.1053111221 
15 0.05243760812 
20 0.02654417322 
25 0.01341598452 
30 0.00678170263 
TABLE 2 
The Matrix (ad Where aij = #[i / . . . 1 j] g 
x 
i 
4 5 6 7 8 
10 0 0 0 
04 7 6 5 
0 7 24 39 33 
0 6 39 82 70 
0 5 33 70 59 
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